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Abstract : We study the spectral properties of matrices of long-range 
percolation model. These are N x N random real symmetric matrices H = 
{H{i,j)}ij whose elements are independent random variables taking zero 
value with probability 1 — ip {{i — j)/b), b E M"*", where ip is an even positive 
function with ipit) < 1 and vanishing at infinity. We study the resolvent 
G{z) = {H-z)~\ Imz ^ in the limit A^, 6 ^ oo, 6 = 0(iV"), 1/3 < a < 1 
and obtain the explicit expression T{zi, Z2) for the leading term of the corre- 
lation function of the normalized trace of resolvent gN,b{z) = N~^TrG{z). We 
show that in the scaling limit of local correlations, this term leads to the ex- 
pression {Nb)-^T{X + ri/N + iO,X + r2/N-iO) = b-^^/N\rl-r2\-^/^{l + o{l)) 
found earlier by other authors for band random matrix ensembles. This shows 
that the ratio b'^/N is the correct scale for the eigenvalue density correlation 
function and that the ensemble we study and that of band random matrices 
belong to the same class of spectral universality. 

AMS Subject Classifications : 15A52, 45B85, 60F99. 

Key Words : random matrices, asymptotic properties, percolation model. 

running title : Asymptotic properties for percolation model. 

1 Introduction 

Random matrices play an important role in various fields of mathemathics 
and physics. The eigenvalue distribution of large matrices was initially consi- 
dered by E.Wigner to model the statistical properties of the energy spectrum 
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of heavy nuclei (see e.g. the collection of early papers [27j). Further inves- 
tigations have led to numerous applications of random matrices of infinite 
dimensions in such branches of theoretical physics as statistical mechanics 
of disordered spin systems, solid state physics, quantum chaos theory, quan- 
tum field theory and others (see monographs and reviews [3l [U [12], [H]). In 
mathematics, the spectral theory of random matrices has revealed deep links 
with the orthogonal polynomials theory, integrable systems, representation 
theory, combinatorics, free probability theory, and others [4l [TTl [28l [30]. 

The first result of the spectral theory of large random matrices concerns 
the eigenvalue distribution of the Wigner ensemble of N x N real sym- 
metric matrices of the form 

AN{i,j) = -7=a{i,j), \i\,\j\<n, (1.1) 



where = 2ri + 1 and {a(i, j); —n < i < j < n} are independent and iden- 
tically distributed random variables defined on the same probability space 
(f2, ^, P) such that 

E{a(z, j)} = 0, E{a(z, jf } = v\l + 5,,), (1.2) 

where 



if z^j, 

1 if i = j 



is the Kronecker symbol and E{-} is the mathematical expectation with 
respect to P. 

Denoting by < • • • < •^n"'' the eigenvalues of A^, the normalized 
eigenvalue counting function is defined by 

a^{X,Ar,)=N-'^{Xf <X}. (1.3) 

E. Wigner [31] proved that if a{i,j) has all order finite moments, the eigenva- 
lue counting measure (icr„(A, An) converges weakly in average as — > oo to a 
distribution dasc{X), where the nondecreasing function asc{X) is differentiable 
and its derivative psc is given by 



(\\ ' (\\ ^ V4t;2 - A2 if |A|<2vc., .^ 

This limiting distribution (ll.4p is known as the Wigner distribution, or the 
semicircle law. A proof of the Wigner's result based on the resolvent technique 
is given in [26l [22l [23] . 
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Important generalizations of the Wigner's ensemble are given by the band 
and dilute random matrix ensembles [20]. In the band random matrices mo- 
del, the matrix elements take zero value outside the band of width 6„ along 
the principal diagonal, for some positive sequence (6n)n>o of real numbers. 
This ensemble can be obtained from p. II) by multiplying each a{i,j) by 
A-i/2,1/2) ((i - j)/&„), where 



is the indicator function of the interval B. The ensemble of dilute random 
matrices can be obtained from (11. II) by multiplying a{i,j) by independent 
Bernoulli random variables of parameter Pn/N. Assuming that b{n) = o{n) 
for large n, the semicircle law is observed for both ensembles, in the limit 



The crucial observation made numerically [7j and then supported in the 
theoretical physics (see [I3l[29]) is that the ratio is the critical one for the 
corresponding transition in spectral properties of band random matrices. In 
[16], it was proved that the ratio a = lim^^oo^^/'^ naturally arises when one 
considers the leading term of this correlation function on the local scale. This 
can be regarded as the support of the conjecture that the local properties of 
spectra of band random matrices depend on a. 

Let us describe our results in more details. We are interested in a ge- 
neralization of the both ensembles mentioned above. Roughly speaking, we 
consider the band random matrices with a random width. To proceed, we 
consider the ensemble {Hn,b} of random N x N matrices, N = 2n + l whose 
entries Hn,b is obtained as follows : we multiply each matrix element a{i,j) 
by some Bernoulli random variable db{i,j) with parameter ip {{i — j)/b). 

The family {db{i,j); < n} can be regarded as the adjacency matrix 

of the family of random graphs {r„} with = 2n + l vertices such that 
the average number of edges attached to one vertex is 6„. Hence, each edge 
e(z,j) of the graph is present with probability ip ((z — j)/b) and not present 
with probability 1 — ip {{i — j)/b). Below are some well known examples : 

— In theoretical physics, the ensemble {r„} with ip{t) = e"'*''' is referred 
to as the Long-Range Percolation Model (see for example [8] and re- 
ferences therein). Our ensemble can be regarded as a modification of 
the adjacency matrices of {r„}. To our best knowledge, the spectral 
properties of this model has not been studied yet. 

— It is easy to see that if one takes bn = N and i' = I, then one recovers 
the Wigner ensemble (1.1). 
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— If one considers ilj{t) = /(-i/2,i/2)(^), one gets the band random matrix 
ensemble [25]. 



In present paper, we consider the resolvent Gn,b = {Hn,b — zl) ^ and study 
the asymptotic expansion of the correlation function 

Cn{zi,Z2) = E{gn,b{zi)gn,b{z2)} - E{gn,b{zi)}E{gnM{z2)} , 

where we denoted gn,b = N^^TiGn^biz). Keeping zi far from the real axis, 
we consider the leading term T{zi,Z2) of this expansion and find explicit 
expression for it. This term T(ri + iO, r2 — iO) regarded on the local scale 
Ti — r2 = r /N exhibits different behavior depending on the rate of decay of 
the profile function ip{t). 

Our main conclusion is that if ipit) ~ as t — oo, then the value 

u = 2 separates two major cases. If u E (1, 2), then the limit of T(r) depend 
on u. If u E (2, +oo), then 



1 . s VA^ 1 , 

—T(r) = -con.t.-^. ^(1 + 0(1)). 

This asymptotic expression coincides with the result obtained in [T6j for band 
random matrices. Then one can conclude that the ensemble under considera- 
tion and the band random matrix ensemble belong to the same universality 
class. 

The outline of this paper is as follows. In section 2, we define the random 
matrix ensemble if„ f, of long-range percolation model, we state our main 
results and describe the scheme of their proofs. In section 3, we study the 
correlation function Cn,b{zi, Z2) and obtain the main relation for it. In section 
4, we show that YaLr{gn,b{z)} is bounded by {Nb)~^ and find the leading 
term T{zi^Z2) of the correlation function under the moment condition that 
supjj E|a(z, < 00. In section 5, we prove the auxiliary facts used in 
section 4. Expressions derived in section 4 are analyzed in section 6, where 
the asymptotic behavior of T(2;i, Z2) is studied and the issue of the universal 
bihaviour is discussed. 



2 The ensemble, main results and technical tools 

2.1 The ensemble and main results 

Let us consider a family of independent real random variables An = 
{a(i, j); |j| < n} satisfying p.ip . Let ip{t)^ t G R, be a real continuous 
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even function such that : 

< ^{t) < 1, / tlj{t)dt = 1. (2.1) 



Given real 6 > 0, we introduce a family of independent Bernoulli random 
variables Vb = {db{i,j); \j\ < n} with the law 

, .X _ / 1 with probability ip {{i-j)/b) , 
'^''•^^ ~ \ with probability 1 - ^ {{i-j)/h) • ^ ^ ^ 

This family is independent of the family An- We assume that An and Vn are 
defined on the same probability space P) and we denote by E{-} the 

mathematical expectation with respect to P. 

We define a real symmetric N x N random matrix Hn^ by equality : 

HnAhj) = -^a{hj)Mhj), i < j, N, IjI < n, (2.3) 

where 6 < A^, = 2n + 1. Here and below the family {Hn,b} is referred to as 
the ensemble of random matrices of long-range percolation model. In what 
follows, we will need the existence of several absolute moments oia{i,j) that 
we denote by 

fxi= sup E{|a(^,j)|'}, (2.4) 

l«Mil<" 

where the upper bound for / will be specified later. 
We consider the resolvent 

Gn,b{z) = {Hn,b-z)-\ Imz^O. 

Its normalized trace gn,b{z) coincides with the Stieltjes transform of the nor- 
malized eigenvalue counting function cr„,;,(A; Hn^b) (11-31) : 

gn,b{z) = ^TTGn,b{z) = j {\ - z)'^ dcXn^biK Hnfi) , Imz 7^ 0. (2.5) 

In [1], we have proved that if /is < oo (12.41) and 1 <ti b <^ N, then 

lim E{gn,b{z)} = w{z) 



for z G Ajj, where 



Ar, = {z eC: ri<\lmz\}, r] = 2v + I (2.6) 
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and the limiting function w{z) verifies equation 

w{z) = (2.7) 

—z — V^W[Z) 

with V is determined by f ll.2p . Equation (12. 7p has a unique solution in the 
class of functions such that lmw{z)lmz > 0, Imz ^ 0. This solution w{z) is 
the Stieltjes transform of the semi-circle distribution (11.41) . This result shows 
that the semi-circle law is valid for random matrices of long-range percolation 
model. As a by-product of proof, we have shown that 

Var{(7n^b(2;)} = o(l), 2; G A^, as n,b ^ 00 (2.8) 

and that the convergence gn,b{z) — > w{z) holds in probability. 

In this paper, we improve the result (12. Sp in two stages. On the first one 
we show that Varj^f^ ^(z)} = O {{Nb)~^) in the limit n,b ^ 00 such that 

6 = 0(n"), l/3<a<l (2.9) 

and this gives the convergence gn,b{z) w{z) with probability 1. Next, we 
find the explicit form of the leading term of the correlation function 

Cn,b{Zl, Z2) = ^{gn,b{Zl)gn,b{z2)} " E{gn,biZi)}E{gn^h{z2)} ■ 

We now formulate the main result of the paper, where we denote Wi = w{zi) 
and W2 = w{z2) are given by (12.71) . 

Theorem 2.1. Let An be such that, in addition to ( fj.^j) . the following pro- 
perties are verified : 

E{a{i,3f} = E{a(2, j)'} = 0, E{a(^, j)""} = V2m{l + S^.T, m = 2, 3 

(2.10) 

for all i < j , yUi4 < 00 ^2.4\) and 



^/^pij^dt < 



00. 



Then in the limit n,b ^ 00 112. S\) and for zi G A^ /i2. / = 1, 2, equality 

CnM, ^2) = ^T(zi, Z2) + o (^^^ (2.11) 
holds with T is given by the formula 

T{z,, Z2) = g(zi, Z2) + , ' 2 (2-12) 
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with 



Qi^u = ft? / .f^'^^^ dp, (2.13) 



7r(l - v^wl){l - v^wi) [1 - V^WiW2i^ip)]'^ 
where ijj{p) is the Fourier transform of ip 

Jr 



and 



A = V4 [ i){t)dt - ?>v^ I i)'^{t)dt. (2.14) 



Under this conditions, Theorem 2.1 and relation (12.121) remain true with 
A replaced by 



lim sup I 6 V E{iJ(^, j)'} - 3E{if(z, jf }2 

|.|<n I 



n,b— too 



\i\<n 




lim sup T 7 (1 + 



We would like to note that the form of (I2.12p generalizes the expressions 
obtained in [H] and [I9|. Namely, the term Q{zi,Z2) is derived for the case 
when the entries of random matrices H are gaussian random variables. The 
ensemble we consider is very similar to the band random matrices, but it 
represents a different model. The form of the last term is exactly the same 
as the one obtained in |T9] for the Wigner random matrices. This shows 
that this term " forgets " the band-like structure of our matrices. All our 
computations and formulas are valid in the case of band random matrices 
Hn,b{hj) = b~^^'^CL{'i, j)['4' ((^ ~ with not necessarily gaussian a{i,j). 

Therefore Theorem 2.1 generalizes the results of paper [T6]. In the case of 
band random matrices, one obtains the same expressions (12. lip and ( I2.12p 
with A ( I2.14p replaced by Aband = (V4 — 3v^) f ip'^(t)dt, provided a{i,j) are 
the same as in Theorem 2.1. 

The results of Theorem 2.1 are used to study the universality properties 
of eigenvalue distribution. We do this in Section 6. 
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2.2 Cumulant expansions and resolvent identities 

We prove Theorem 2.1 and Theorem 2.2 by using the method proposed 
in papers [HI [20] and further developed in a series of works tlillGj. The basic 
tools of this method are given by the resolvent identities combined with the 
cumulant expansions technique. 

2.2.1 The cumulant expansions formula 

Let us consider a family {Xj : t = 1, . . . , m} of independent real random 
variables defined on the same probability space such that E{|Xt|'^"'"^} < oo 
for some g G N and t = 1, . . . ,m. Then for any complex-valued function 
F{ui, . . . , Um) of the class Coo(IR'") and for all j, one has 

E{X,F(X„ ...,X^)} = ±^E l ^^'^^^^^--;''-^ } + e,iX,), (2.15) 

where Kr = Cunir^Xt) is the r-th cumulant of Xf and the remainder eg{Xt) 
can be estimated by inequality 

\(^q{Xt)\ < Cq sup 

where Cq is a constant. Relations f l2.15p and (12.16^ can be proved by multiple 
using of the Taylor's formula (see [U [H] for the proofs) . 

Remark 2.1. The cumulants Kj. can be expressed in terms of the moments 
/i, = E(X[) ofXt. 

Indeed, let ft be a complex-valued function of one real variable such that 

ft{x) = F{X,, Xt_,,X, Xi+i, ...,Xn) 

r(r) 

and fl is its r-th derivative. 

• If q = I and E{XJ = 0, then 

K^ = fii = 0, K2 = h (2.17) 
and the remainder ei{Xt) is given by : 

61 (X,) = Ie {Xi'/f (xo)} - {x,/f (xi)} . (2.18) 



du 



E{|X,r+2}, 



(2.16) 
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• If q = 3 and E{Xi} = E{Xf} = 0, then 

K, = Ks = 0, i^2 = /i2, K^ = fii-3fll (2.19) 
and the remainder e^{Xt) is given by : 

es{X,) =iE {x!ft\xo)} - f E {xff,^'\x^)} 

- §E {Xjf\x,)} . (2.20) 

• If q = 5 and E{Xt} = E{Xf} = E{Xf} = 0, then the cumulants Kr, 
r = 1, . . . , 4 are given by ^2.19\) . 

K5 = 0, KQ = fle- 15/i4/i2 + (2.21) 

and the remainder e5(Xt) is given by : 

e,iX,) =iE {Xj/f )(xo)} - If E {X!fi^\.,)} 

- {^'fi''^-^)] - fE {Xtff\x.)] , (2.22) 

where for each = 0, . . . , 3, real random variable that depends 

on Xt and such that \x^\ < \Xt\. In what follows, we denote ft^\xy) = 



2.2.2 Resolvent identities 

For any two real symmetric n x n matrices h and h and any non-real z 
the resolvent identity 

{h - zl)-^ = {h- zl)'^ -{h- zl)-\h - h)(h - zl)-^ (2.23) 

is valid. Regarding (12.231) with, /i = and denoting G = {h — zl)~^ , we get 
equality 

n 

G{t,j) = CS^J-C J2G{z,s)h{s,j), C=-z-\ (2.24) 

s=l 

where h{i,j), i,j = 1, . . . ,n are the entries of the matrix h, G{i,j) are the 
entries of the resolvent G and 6 denotes the Kronecker symbol. 
Using (I2.23P we derive for G = (/i — zl)~^, \lmz\ 7^ equality 

Hiy = ^^^M.t) + . (2.25) 

We will also need two more formulas based on (I2.25P ; these are expressions 
for d'^G{i,j)/dh{j,iy and d^G{i, j)/d^h{j,i). We present them later. 
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2.2.3 The scheme of the proof of Theorem 2.1 

In this subsection we present a schema of computation of the leading 
terms oi CnA^u ^2) (cf ^IB)). 

Let us denote gi = gn,b{zi), / = 1,2 (everywhere below, we omit the 
subscripts n,6 when no confusion can arise). For a given a random variable, 
we denote ^° = ^ - E^. Then using identity 

E{eV} = m'g}, (2.26) 

we rewrite Cu = Cn,b{zi,Z2) as 

Cu = E{g',g2} = j^J2 ^^^^^ 

\i\<n 

with Ruii) = E{giG2{i, i)}- Applying the resolvent identity (I2.23p to G2{i, i), 
we obtain equality 

Rl2i^) = -C2 Yl M9iG2{i,p)Hip,t)}. (2.27) 

|p|<Tl 

To compute Fj{g^G2{i, p)H {p, i)} ^ we use the cumulants expansion method 
(12151) . and get 



E{g^,G2{i,p)H{p,z)}=K2E 



d{g',G2{t,p)) 
dH{p, i) 



where Kr is the r-th cumulant of H{p, i) and Tip vanishes. Substituting this 
equality in (12.271) and using (12.251) . we obtain that 

d{g',G2{t,p)} _ o dG2{t,p) 1 >^ dG,is,s) 

dH(p,i) dH(p,i) 2^ dH(p,i) 

\s\<n 

^ g',[G2it,py + G2it,t)G2ip,p)] 



l + S, 



pi 



where we used (I2.25P in the form 

d{g\G2{i,p)} {d{glG2{i.p)) 



^ ^l-Gl{i,p)G2{i.p)\^ (2.29) 



dH{p,i) [ dh{p,i) 
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\h=H 



We get relation 




|p|<n 

- I ^^(^)3 I + ^nA^), (2.30) 

|p|<n J J 

where sup|j|<„ |$„_6(i)| vanishes as n, 6 oo (I2.9p (see subsection 3.2 for 
more details). Also we have taken into account that (cf. f l2.19p ) 

K,ip,t) = K2 {H^Ap^i)) = ^-E{a{p,ifd^Ap,if} = (^^^ (1 + 5p,). 

Let us return to relation f l2.30p . We observe that the first term of the right- 
hand side (RHS) can be expressed in terms of i?i2. This gives the possibility 
to obtain an equation of R12. The second term vanishes in the limit n,b ^ 
00 (we give later the explicit formulation). The third term represents the 
leading term of the correlations function (which provides the first expression 
of (I2.12p ). The fourth term gives the contribution of the order 0{{Nb)~^) to 
(12. lip (which provides the second expression of the leading term (I2.12P ). The 
last term ^n,b{i) gives the contribution of the order o{{Nb)~^) to (12.111) (see 
Lemma 3.2). 




3 Correlation function of the resolvent 

In this section we give the main relation of the correlation function 
Cn,b{zi, Z2). In what follows, we will need two elementary inequalities 

|G(^.p)l< He'll (3.1) 

and 

5^|G(^,p)r=||Gel|r<-i-^, \i\<n (3.2) 

\p\<n 
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that hold for the resolvent of any real symmetric matrix. Here and below 
we consider ||e||| = ^j|e(z)|2 and denote by = supngn^^i | IGej I2 the 
corresponding operator norm. 



3.1 Derivation of relations for Ru{i) 

Let us consider the average Ei{g^G2{i,p)H{p,i)}. For each pair {i,p), 
g\G2{i-iP) is a smooth function of (p, i). Its derivatives are bounded because 
of equation (12.251) and (13. ip . In particular 

\D%{glG2{i.p)}\ < C {\lmz,\-' + \lmz2\-')\ 

where C is an absolute constant. Here and thereafter we use the notation Dpi 
for d/dH{p, i). 

According to the definition of H and the condition /iy < 00 (EH), the 
seven absolute moment of H{p,i) is of order 1/(6^/2) Then we can apply 
(I2.15P with g = 5 to Fi{g^G2{i, p)H {p, i)} and using (12.231) . we get relation 

• ii p < i 



E{g',G2{z,p)H{p,z)}=K2{H{p,z))E{Dl^ {g',G2{t,p))} 

m 

6 

120 



(3.3) 



with 



1 



-,E{H{p,^y[D%{g'iG2{^,p))r} 

E{H{p,tf[D%{g',G2{z,p))f^} 
E{H{p,^nDl,{g'^G2{^,p))f^} 

E{H{p,^)[DlMG2{^,p))f^}, (3.4) 
where the cumulants are given by (cf. (12.19p - (12.2ip ) 

K2 {Hip, ^)) = + K, (Hip, z)) = ^(1 + 

(3.5) 



K2 {H{p, 


^)) 


5! 




{H{p, 


0) 


(3!)2 




Ke (Hip, 




5! 
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with Apj = V^tp {{p — i)/b) — Sv'^ip {{p — i)/h)^ and 

K,{H{p,i)) = ^-^{l + 5,;)\ (3.6) 

with = Vfii) {{p - i)/h) - IWiv'^i) {{p - i)/hf + 30^^?/' ((p - i)/hf. 
In (j3.4l) . we have denoted for each pair (p, i) 

[glG,{z,p)p = {9^''%iz,)G^;^it,p; z,), u = 0,...,3 
and G^^\zi) = {H^'^^ — zi)^^, I = 1,2 with real symmetric 



^ ' ' ^ if (r,s) = {p,t) 



pi 



where < z)|, z/ = 0, . . . , 3 (see subsection 2.2.1 for more 

detail) . 

If z < p, then using equality H{p, i) = H{i,p), we get 



E{g',G2{z,p)H{z,p)} =K,{H{z,p))E {Dl{g',G2{t,p))} 

m 

6 

m 

120 



(3.7) 



where iip is given by (13. 4p with replaced Dpi by and Kr are the 
cumulants of H{i,p) as in (I3.5l) - (|3.6p . 
• If p = i, then 

EKG2(z, z)i/(^, z)} =K, {H{z, z)) E {Dl {g'.G^it, t)) } 

+ ^^^E{D3(,0G.(M))} 

+ ^^^§f^E{D|(,?G,(z,.))}+l., (3.8) 

where is given by (13.41) with replaced Dpi by Da and i^'r are the 
cumulants of H{i,i) as in (I3.5l) - (|3.6p . 
Substituting ((331), ((SlTl) and jSSI into (12:271 ) and using ((21291), we obtain 
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equality 

[ \p\<n ^ 

\p\<n ^ ^ 

- I E {«J WG.(i,rt)} - {Dl WG,(M))} 

|p|<n 

- 1^ E ^(1 + {^l. {9',G,i^,p)) } + (3.9) 

\p\<n 



with 



\p\ 



6! 



\p\<n 

+ E ffE{i^(p,0[^S.(^??G2(^,p))](^)}, (3.10) 

\p\<n 

where Kr are the cumulants of H{p,i) as in (I3.5l) - (l3.6p . 

3.2 Main relation for Ruii) 

To give the complete description of Ru, we use the notation 

U{p,^) = (^) , Ug{^ = J2 Gip,p)U{p,z) 

\p\<n 

and introduce the identity 

E{^g} = E{OB{g} + B{^g'}. (3.11) 
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Then, we rewrite the first term of the RHS of (|3.9p in the form 

|p|<n 

Now computing the partial derivatives with the help of (I2.25p . we obtain the 
following relation for R12 

Ruii) =C2v'Rum{UGA^)} + C2v''E{g°lG2{^,^)U'GM 

+ ^ E Fl2{^,p)U{p, i) + ^Ti2(0 + + (3-12) 

|p|<ra r=l 

with Fi2(^,p) = E{G2(z,p)G2(^,p)}, 

^12(0 = I E Ap.E{[G?(^,^)G'l(p,p) + G?(p,p)Gl(^,^)]G2(^,^)G'2(p,p)}, 

|p|<n 

(3.13) 

the terms Yr{i)^ r = 1, . . . , 7 are given by relations 

|p|<n 

=1 5^ E{(7?G2(2,pr + 6(7?G2(2,p)2G2(^,0G2(p,p)} A,,, 
bl<" 

^4(0 =^ 5^ E{G?(^,p)G2(^,p)' + 3G'?(^,p)G2(^,p)G2(^,^)G2(p,p)}A,„ 

|p|<n 
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IpI f;" 

+ 1^ E E + Gl{i,i)G^{p,p)G,{i,p)G^{i,p)] 

IpI 

IpI 

|p|<n 



- 0G2(z, + G2(z, z)]} A,,, 

\v\<n 

and ej given by (I3.10p . The first and the second terms of the RHS of (13.120 
is expressed in terms of R\2 and this finally gives a closed relation for Ryi- 
The third and forth terms of the RHS of (13.121) give a non-zero contribution 
to i?i2 that provide the expression of the leading term T{zi,Z2) ( 12.121) . We 
will compute this contribution later (see subsection 4.3). The two last terms 
of (I3.12P contributes with o{{Nb)~^) to (12.111) . We formalize this proposition 
in the following two statements. 

Lemma 3.1. Under conditions of Theorem 2.1, the estimate 



niax <^ sup |y;(z)| \ = O {b'^-^ + r^fVarl^i}]^/^) . (3.14) 

''-^•2 I \i\<n 



is true in the limit n, 6 — > 00 USD. 



We postpone the proof of Lemma 3.1 to the next section. 
Lemma 3.2. Under conditions of Theorem 2.1, the estimate 

max I sup \Yr{i)\ \ = O {b-'n-' + b-'[V^r{g,}Y/') (3.15) 

r=3,4,5,6,7 [^|j|<„ J 

16 



and 



sup |e,| = O {b'^n-^ + 6-2[Var{(7i}]i/2) 

|i|<ra 



(3.16) 



are true in the limit n,b ^ oo h2. 



Proof of Lemma 3.2. We start with fl315D . Inequality (O) and 
implies that if zi G A^, then 

l>^3(^)l < ^^^^^^ E E|.?G.(.,^)^| = O (^{Var{,,}}V^) . 



|p|<n 



To estimate F^, r = 4, 5, we use (|3.ip . (|3.2p and inequality 



1/2 / 1/2 

2 1 ( a „m2 



E E|Gr(^,p)G2(^,p)| < E 5^ J] |G2(^,P)| 

1 



< 



n 



m+1 



(3.17) 



with m = 1,2. Then we get that \Y4{i)\ < 8[V4 + v'^]/{ri'^Nb'^). Using (O), 
(13.21) and f l3.17p with m = 1,2, we obtain that the terms supj |l^r(OI? r = 5,6 
are all of the order indicated in (13.15p . 
Let us estimate Y^. Let us accept for the moment that 

E|DjKG2(^,p)}| = 0(iV-i + [Var{(7i}]^/'), as n,p^oo (3.18) 

holds. Using this estimate and relation ( 12.11) . we obtain that 



Or, 



\p\<n |p|<" 



1 f p — i 



0(1) 



and that 



sup 1^7(01 = O {b-^n-' + r2{Var{(7i}}i/') 

|i|<ra 



where c is a constant. 

Now let use prove ( 13.18p . Using (12.251) and (13. ip . we get for zi G A.^, 



It is easy to show that 



D;M} = 0(^-^y r = l,2,..., zeAr,. 



(3.19) 
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Then fl318D follows from fl319D and (O). Estimate ([TT5ll is proved. 

To proceed with estimates of (j3.16l) . we use the following simple state- 
ment, proved in the previous work [T]. 

Lemma 3.3. (see ^l^) If zi G A^, I = 1,2, under conditions of Theorem 2.1, 
the estimates 

Ya.r{[gnAzi)P) = O (Var{r?„,b(^z)} + h-^N'^) , = 0, . . . , 3 (3.20) 
and 

D%{9iG,{i,p)]=0{N-' + \gl\) (3.21) 
are true in the limit n, b — > oo Ij2.9\) . 

Now regarding the first term of (|3.10lj and using (I3.20p and (]3.21l) . we 
obtain inequality 

j2 miP,^Ym9',G,{^,p))r\ < E {^^^ + mp,^)mr\ 

\p\<n |p|<»^ 

^ E (^) E %r (^)) " (v-{[..i'"'})- 

\p\<n ^ ' \p\<n ^ ^ ' ' 

= O {N-'b~^ + r2[Var{^i}]i/2^ , (3.22) 

where c is a constant. 

Regarding the last term of the right-hand side of (I3.10p and using (13.20p 
and (13.211) ■ we obtain inequality 

Y,KemiP,^)[DlA9'lG2{^,p))f^\ 

\p\<n 

^l(lE<^-?)) (^-^^^^^ 

= O {N-^b~^ + r2[Var{(7i}]^/2) , (3.23) 

where C2 is a constant. 

Repeating previous computations of (13.231) . we obtain that 

J2 K,E\HiP,^nDU9lG2i^,p))f^\ + Yl K,E\Hip,^)'D%[g'lG,i^,p)f^\ 
= O {N-^b-^ + 6-2[Var{(^i}]^/2) . (3.24) 
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Then (I3.16P follows from the estimates given by relations fl3.22p . (13.231) and 
(|3.24p . Lemma 3.2 is proved. ■ 

Let us come back to relation (|3.12l) . Using equality 

J2 E{^??G2(2, t)Gl{p, p)}U{p, i) = B{g',U'a, (^^"(z, z)} + f/^,, miG^it, t)}, 

\p\<n 

we obtain the following relation 

Rui^ =C2v'Rl2mEiG,){^) + C2v''UR,,{^)E{G2{^,^)} 

\p\<n 
7 

+ t{i) + Y,yr{T) + ei, (3.25) 

r=l 

where Fi2{i,p) is the same as in (13.12p . T12 is given by (13.13p and 

r(0 = C2^;'EKf/°^(^)G°(^,0}. (3.26) 

Relation (13.251) is the main equality used for the proof of Theorem 2.1. We 
use (13.251) twice : at the first stage we estimate the variance Var{(yf„ ^(z)} 
and at the second one we obtain explicit expressions for the leading term of 
Cn,b{zi, Z'l). This will be done this in the next section. 

4 Variance and leading term of Cn,6(^i,^2) 

In this section we give the estimate of the variance and the proof of 
Theorem 2.1, postponing some technical results to the next section. 

4.1 Estimate of the variance 

Let us define an auxiliary variable 

where g2{i) = EG2{i,i). Then we can rewrite (13.251) in the form 

Ri2{t) =v%{i)Un,,{t)g2{i) + ^ {2v%mF^2U]{t,t)+q2{i)C2"^M) 

+ q2{i)C2' [r{i) + E ^-(^) + (4-2) 
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with 

where Fi2{i,p) is the same as in (13.12p and T12 is given by ( 13.13p . 

Now let us estimate the terms of the RHS of (I4.2p .Taking into account 
that U{p,i) < and using inequalities (13.171) with m = 2, it is easy to see 
that if Zi G A^, then 

Let us estimate T12 (I3.13p . Using (13.11) and inequality |Apj| < [V4 + 3v'^]ip{{p — \ 
we obtain that 

and that 

l*(OC'T.(OI < E \i- (^) = 0(1). (4.6) 

\p\<n ^ ^ 

To estimate the term r (13.260 . we use the following statement. 
Lemma 4.1. Under the conditions of Theorem 2.1, the estimate 

sup \Eg\z)G\i,i)U''G{s)\=0{n^^h-^ + h-^[Yair{g{z)]Y/^) (4.6) 

\i\,\s\<n 



IS 



true in the limit n,b ^ 00 112. 9\) . 



We prove Lemma 4.1 in section 5. 



It follows from results of Lemmas 3.1, 3.2 and relation (14.61) . that if Zj G 



A^, then 



sup 

|i|<n 



r=l 



O {N-^b-^ + r'{Var{(7i}}^/2^ . 



(4.7) 

Let us denote r^ = supj \Ri2{i)\. Regarding estimates ( 14. 3p . (14. 5p and ( 14. 7p . 
we derive from (14. 2p inequality 

A 1 , 
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for some constant A. Since ri2 is bounded for all zi G A^, then ri2 = 
0{{Nb)~^ + Using condition (j2.9l) and taking z = Zi = Z2, one ob- 
tains that 

Y^r{g,,,iz)} = O . (4.8) 



Substituting (I4.8p into (14.7p . we obtain that 



sup 



r=l 



(4.9) 



in the limit n,b ^ 00 (12. 9p and for all 2;; G A^, Z = 1, 2. This proves (12. lip . 



4.2 Leading term of the correlation function 

Assuming that (j4.9l) is true, we rewrite (14.21) in the form 



R,,(i) = v^q,{t)g,{i)UR,,ii) + ^/i2(0 + r(2) 



(4.10) 



with 



fuii) = 2v\2mFi2U]{t,t)+q2{iK2"^i2{i), (4.11) 

where Fi2{i,p) is the same as in (13.251) and T12 is given by (13.131) . We have 
denoted the vanishing terms by 

r(^) = q2i^K2' (rit) + ^ri^ + ^0 • (4-12) 



r=l 



To obtain an explicit expression for the leading term of Cn,b{zi, Z2), it is 
necessary to study in detail the variables F12 and T12. Let us formulate the 
corresponding statements and the auxiliary relations needed. Given a positive 
integer L, set 

Bl = BL{n, b) = {ieZ; \i\ < n ~ bL} . (4.13) 

Lemma 4.2. If z G A^, then for arbitrary positive e and large enough values 
of n and b 112. S\) there exists a positive integer L = L{e) such that relations 



sup 



27r(l - v^wl) [1 - v^wiW2ipip)] 



-dp 



< e (4.14) 



and 



sup 



MC2 - 



< e (4.15) 
hold for enough n and b satisfying 112. PI) with A is given by 12.141 ). 



21 



The proof of Lemma 4.2 is based on the following statement formulated 
for the product GiG2- 

Lemma 4.3. Given positive e, there exists a positive integer L = L{e) such 
that relations 



sup 



E{Gl{^,^)} 



1 — f ^w? 



sup 



bJ2nGl{^,s)G,{^,s)}U''{s,^) - ^ [ - 



— v'^WiW2lp{p) 



dp 



and 



sup 



J2E{G,{z,s)G2{t,s)}-- 

\s\<n 



W1W2 



< e 



(4.16) 

< e 
(4.17) 

(4.18) 



V^WiW2 

hold for enough n and b satisfying 1^2. 9\) for all A; G N, all Zj E Kq, j = 1,2. 
We postpone the proof of Lemma 4.3 to the next section. 



4.3 Proof of Lemma 4.2 and Theorem 2.1 

4.3.1 Proof of Lemma 4.2 

We start with (14.141) . Let us consider the average Fi2{i, s) = E{Gl{i, s)G2{i, 
Applying to 6*2 (^, s) the resolvent identity (12.231) . we obtain equality 

F,2{^,s)=C26^sE{Gl{^,^)}-C2 Yl E{Gl{t, s)G2{t,p)H{p, s)}. 

\p\ 

Applying formula (I2.15p to E{G'^(z, s)G2{i,p)H{p, s)} with g = 3 and taking 
into account (I2.25p . we get relation 

Fl2{^, s) =C2S^sE{Gl{^, i)} + C2V%2U]{i, s)E{Gl{s, s)} 

+ C2V^[F,2U]it, s)g,{s) + C2V^F,2it, s)Ug,is) 
5 

+ ^/3,(z,s), (4.19) 
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where we denoted gi{s) = E{G;(s, s)}, I = 1, 2, ti2{i, s) = E{G'i(z, s)G2{i, s)} 
and the terms Pi, I = 1, ... ,5 are given by : 

m-s) =C2v' Yl nGlip,s)G,it,s)G2it,p)}Uip,s) 

\p\<n 

+ C2v' Yl nGlit,s)G,ip,s)G2it,p)}Uip,s) 

\p\<n 

+ C2v' J2 E{Gl{z,s)G2{p,s)G2{i,p)}U{p,s), 

\p\<n 

m-s) =C2v' Y E{Gi(*,p)G2(^,p)(G?(s,s))°}f/(p,s) 
+ C2v' Yl nGiit,p)G2it,p)G%s,s)}Uip,s), 

\P\ ^IT' 
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P,ii,s) =-^Y ^^^{^Is {G\t,s)G2it,p))} 



\p\<n 



and 



= - I Y^{H^P^'^'KiG^^,s)G2{^,p))r} 



\p\ <n 



4! 

+ I E K,E{H{p,s)[D'^,{G\^,s)G2{^,p))f^} 

\p\<n 

with Kr are the cumulants of H{p, s) as in ( 13.5p -( l3T6l ). 
Let us accept for the moment that 



max 

i=l,..,5 



sup \(3r{i, s)\ \ =0 (6^^) , as n,b ^ oo (4.20) 

|i|,|s|<n. 



holds for enough n and b satisfying (I2.9p . Using them and the definition of 
?2(s) f l4.ip . we rewrite (14.191) in the form 

Fi2(z, s) = v^giis)q2is)[FuU]{i, s) + Ri{t, s) + R2{i, s) + (3{i, s), (4.21) 

where we denoted 

Ri{i,s) = q2{i)E{Gl{i,i)}5,s, (4.22) 
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R2{^,s) = v^q2{s)[tuU]{i,s)E{Gl{s,s)} (4.23) 
and the vanishing term 

We define the linear operator W that acts on the space oi N x N matrices 
F according to the formula 

[WF]it,s)=v'g,{s)q2is) F{t,p)U{p, s). 

\p\<n 

It is easy to see that if zi G A^, then the estimates ( 13. ip and (14. 4p imply that 

l-Ril < T]^^ and I-R2I < v'^T]"^ and that 



l^ll(i,i)<^<^, (4-24) 



where the norm of NxN matrix A is determined as i) = supj ^ \A{i, s)\. 

This estimate verified by the direct computation of the norm 1) with 

1 1 A 1 1(1^1) = 1. Then (14.211) can be rewritten as 

00 

i^l2(^, s) = J2 (^1 + ^2 + /?)] (^, s). (4.25) 

m=0 

The next steps of the proof of (I4.14p are very elementary. To do this, we start 
with the following statements, proved in the previous work [T]. 

Lemma 4.4. (see ITj) Given positive e, there exists a positive integer L = 
L{e) such that relations 

sup\E{G{i,i;z)}-w{z)\<e, z e An (4.26) 

and 

sup \q{i; z) - w{z)\ < 2e 2: G (4.27) 

hold for enough n and b satisfying ^KR), where w and q are given by ^2. 7]) 
and Iji4-1\)- 



Now let us return to relation (14.251) . We consider the first M terms of the 
infinite series and use the decay of the matrix elements U{i,s) = U^^\i,s). 
If one considers (14.22p and (14.23p with i and s taken far enough from the 
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endpoints -n, n, then the variables gi{j), q2{k) enter into the finite series with 
j and k also far from the endpoints. Then one can use relations (14.261) and 
(I4.27P and replace gi and q2 by the constant values wi and W2, respectively. 
This substitution leads to simplified expressions with error terms that vanish 
as n, 6 — >^ oo. The second step is similar. It is to show that we can use Lemma 
4.3 and replace the terms Ri and R2 of the finite series of (I4.22p and (I4.23P 
by corresponding expressions given by formulas (I4.16P and (14.171) . 

Let us start to perform this program. Taking into account the estimate 
of (3 (14.20p and using bounded-ness of the terms Ri and R2, we can deduce 
from ( I4.25P equality 

M 

b Fi2{i. s)U{s, i)=hY^ [W'^iRi + R2).U] («, i) + i), (4.28) 

|s|<n rn=0 

where M > is such that given e > and < e for large enough h 

and N . Now let us find such h> Q that the following holds 



sup Tpit) < e and / Tp{t)dt < e. 

h<\t\ Jh<\t\ 

We determine the matrix 

U{i,p) if |« — p| < bh] 



^^''^^ ^0 ii \i-p\>bh 

and denote by W the corresponding linear operator 

[WF]{z,s)=v^gi{s)q2{s) ^ Fu{^,p)U{p, s). 

\p\ i^iT' 

Certainly , W admits the same estimate as W ( I4.24p . Given e > and L > 
the large number. Let us denote by Q the first natural greater than {M + k)h. 
Then one can write that 

M M 



b J2 [W^iRi + R2).U] (2, i) = bY, \w"'{Ri + R2)U 



m=0 m=0 



(z,z) + K2{i,i), 

(4.29) 

where 

sup 1^2(^,01—^5 ^ — ^ (4.30) 

The proof of (14.301) uses elementary computations. Indeed, H2{hi) is repre- 
sented as the sum of M + 1 terms of the form 

b ^ l^'^"^gi{Si)q2iSi) . . . ,gi{Sm)q2{Sm)[Rl + R2]{hSm+l) 

\sr\<n 
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)...U{s^,^), 

where the sum is taken over the values of Sj such that \sj — Sj^i\ > bh at 
least for one of the numbers j < m. 

Now remembering the a priori bounds for Ri f l4.22p and R2 (14.231) . one 
obtains the following estimate of ^2 : 

sup \K2{i,i)\ bU{i,Si) . . .U{Sm,Sni+l) 

1^1^" m=0 ^ |..|<n 



M 



,2m+2 



+ E E ^^(^' • • • (4-31) 

Assuming that \sj — > bh and using inequality 

J2 U{i,s^)...U{sj_i,Sj) <J2u{^,Sl)...Uis,_^,s,) (4.32) 



< 



ip{t)dt + 



< (1 + l/&)^ (4.33) 
one sees that for large enough b and n, 

J2 f/^'(^,s,)ef/"*-^(s,+i, w) <e- 

\sj\<n 

Let us also mention here that given e > 0, one has large enough n and b that 

sup I W{i,s) - 1| < e, (4.34) 

where j < M. This follows from elementary computations related with the 
differences 



and 

T„,fe(i) = T(i) 

|t|<n ^ " / " tgZ 

that vanish in the limit 1 <^ 6 <^ n (see previous work [T] for more details). 
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This reasoning when slightly modified is used to estimate the second term 
in the RHS of (I4.3ip . Now one can write that 



M 



sup I fi;2 (i, i) I < 2e m 

l*!^*^ m=0 



^2 



< e. 



Regarding the RHS of (I4.29p with i G -Bl+q, one observes that the summa- 
tions run over such values of Sr that |z — Si| < fe/i, js,. — Sr+i\ < bh, and thus 
Sj G -Bl for all j < k + m — 1. This means that we can apply relations f l4.26p 
and (14.271) to the RHS of (14.290 and to replace gi by wi, q2 by From 
(14:2811 . it follows that 

M 

b[F^2U]{t,t) =Y,['"'w^W2r b (i?i(^,w) + ^2(^, 

m=0 |s™+i|<ji 

with 

sup |/t3(i, i)! < 4e. 

Finally, applying Lemma 4.3 to the expressions involved in Ri and taking 
into account that 

sup \bU'^+\i,i)-^ f ij'^+\p)dp\<e, (4.37) 
we obtain equality 

1 2 *^ /■ 

^TT -L T/^i /in) 

1 JK 

1 ^1^2 2 im 2 /" WlW2^"'+"^(p) , , .X 

(4.38) 

with 

sup |K4(i, i)\ < e. 

Passing back in (14.381) to the infinite series and simplifying them, we arrive 
at the expression standing in the RHS of (14.141) . Relation (|4.14l) is proved. 
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Now let us prove KM . Inequality U{p, s) < dSl]) and fl3T7D imply 
that if zi G A^, the estimate 

maxi sup \f3r{i,s)\} =0{b~^) (4.39) 

-=1.2 [|i|,|s|<„ J 

holds for enough n and b satisfying (I2.9p . To estimate P^, we use the following 
estimate of the diagonal elements of the resolvent G, proved in the previous 
work [1]. 

Lemma 4.5. (see If z G A^, then under conditions of Theorem 2.1, the 
estimate 

sup E{|f/0(.;^)P} = 0(6-2) ^4_4Q^ 

|s| <n 

holds for enough n and h satisfying 112. 9\) . 

Then inequality (I3.ip and estimate fl4.40p , imply that 

sup 1/33(2,5)1=0(5-^), zi,Z2&Ar^ as n, 6— >oo. (4-41) 

|j|,|s|<n 

Using inequality 

Ms),l<J^^.^-^,(l^) (4.42) 

and relations (j3.ll) and (I2.25p . we obtain that 

\^{Dls{G^ihs)G2ii,p))} 1 = 0(1), as n,b^ 00 
and conclude that 

sup IPii^i, s)\ = 0{b~^), zi,Z2&Ar^ as n,b ^ 00. (4.43) 

|i|,|s|<n 

Regarding the term and using similar arguments as those to the proof of 
([3T6D (see (13:221) - ([372^ V we conclude that 

sup 1/55(2,5)1=0(5-^), zi,Z2&Ar^ as n, 6— >oo. (4.44) 

|j|,|s|<n 

Now (I4:2nll follows from IKm . (ICTD . (14:431) and (imi ). 

To complete the proof of Lemma 4.2, let us prove (14.151) . To do this we 
use the following simple statement, proved in the previous work pLj. 
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Lemma 4.6. (see [1]) If z G A^, then under conditions of Theorem 2.1, the 
estimate 

sup E{|G(s,s;z)°|2} = O(r^) (4.45) 

holds for enough n and b satisfying 112. 9\) . 

We introduce the variable Mi2(i) = 5'2(0C2^^^i2(*) with T12 is given by 
(13.13p . Using identity (13.111) and estimate (I4.45p . we obtain that 

|p|<n 

+ 52(0^1 (^)^2(«) ^E{Gi(p,p)}^2(p) + 0(1), as n,6-^oo. 

\p\<n 

(4.46) 

If one considers (I4.46p with i taken far enough from the endpoints — n, n, 
then one can use relation (I4.26p and (I4.27p and replace gi, g2 and g2 by the 
constant values Wi and W2. This substitution leads to simplified expressions 
with error terms that vanish as n, 6 — >^ cx). To finish the proof, we use relation 
(12.11) and Lemma 4.3 and replace the terms J2p^pi/^ ^1 of ^12 by the 
corresponding expressions given by relations (I2.14p and (14.161) . This proves 
(14.15p . Lemma 4.2 is proved. ■ 



4.3.2 Proof of Theorem 2.1 

Let us return to relation (14.101) . We introduce the linear operator iy(52,'?2) 
acting on vectors e G with components e(z) as follows ; 

||y(92,.2)(g)|(,) ^ v^g2{^)q2{^) <P)U{P.^)- (4-47) 

\p\<n 

As a matter of fact, we can rewrite (14.10p in the following form : 

[J _ W^^'-'^-\R^2){i) = ^/i2(0 + r(z), (4.48) 

where /12 and T are given by (14.111) and ( 14.121) . It is easy to see that if z G A^, 
then inequalities (13. ip and (14. 4p imply that 

,,2 1 

1 11^(92,92) 1 1 < < _ 

" - (2t; + l)2 ^ 2' 
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where | jiy^^'^.ga) 1 1^ = sup\y\^^-^\W^^^''i^'>{V)\i and \V\i = supjF(i)|. Then 
(j4.48p can be rewritten in the form 

m=0 ^ ^ 

Regarding the trace 

\i\<n iGBl ^ ' ieBL ^ ^ 

and repeating the same arguments of the proof of f l4.14p presented above, we 
can write that 

1 1 

m=0 \t\<n 

with supjg^^ |A'^^)(i)| = o(l). Finally, observing that fi2{t) asymptotically 
does not depend on t (see Lemma 4.2), we arrive with the help of (14.341) . at 
the expression (12.121) . Theorem 2.1 is proved. ■ 

5 Proof of auxiliary statement 

The main goal of this section is to prove Lemmas 3.1, 4.1 and 4.3. 

5.1 Proof of Lemma 3.1 

5.1.1 Estimate of the term Yi (l3J^ 

Here we have to use the resolvent identity (12.231) and the cumulants ex- 
pansion formula (I2.15P twice. However, the computations are based on the 
same inequalities as those of the proofs of Lemma 3.2. Regarding Yi{i) = 
(2b~'^ J2p^{9i^2{h i)'^G2{p, p)'^}^pi, we apply to G2{i,i) the resolvent iden- 
tity (I2.23p . Then we get relation 

Yii^) =Clb' J2 ^{9lG2{^,^)G2{p,pY}A,, 

\p\<n 

-f E n9iG2{t,t)G2{t,s)G2{p,prH{s,z)}A,,. 

\s\,\p\<n 
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Applying the formula (l2lB with g = 3 to E{g^G2{i, i)G2{i, s)G2{p,pfH{s, i)}, 
we obtain that 



\p\<n 



+ ^ E n9lG2{^,^?G2{p.pfUom\^ + (5.1) 

\p\<n r=l 

with 

\s\,\p\<n 

s|,|p|<n 

+ ^ E EKG2(z,z)G2(p,p)G2(z,s)G2(^,p)G2(p,s)}f/(s,z)A,„ 

s|,|p|<n 

^2«=-f E ^^{Dl{9iG2{i.i)G2{i,s)G2{p.pf)] 

\s\,\p\<n 

and 

|s|,|p|<n 

+ ^ E ^2E{i/(.,z)='[D,^,(^?G2(^,^)G2(^,.)G2(p,p)^)]«}A,, 
+ W\ E i^4E{i/(.,z)[D,^,(^?G2(^,^)G2(z,.)G2(p,p)^)](2)}A,„ 

|sMp|<'^ 

where K^, r = 2,4 are the cumulants of H{s,i) as in (13.51) . Applying to the 
second term of the RHS of (15. ip identity (13.111) and using the definition of 
(l2{i) ( 14.11 ). we obtain that 



U^) =^|^ E ^{9lG2{^,^)G2{p,pr}A,, 



\p\ <n 

+ E ^{9'lG2{^,^?G2{p,pfU'aM\^ 

\p\<n 

+^i:q.w. (6.2) 
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Regarding the first term of the RHS of this equality, we apply the resolvent 
identity (I2.23P to G2{i,i). Repeating the usual computations based on the 
formula (I2.15p (with q = 3) and relation (I2.25p . we obtain that 

|p|<n IpI^^^ 

+ ^-^q|i^)T.^i9',G,i^,^)G,ip,pru'aM^^ (5-3) 

\p\<n r=l 

with 

4(^)=^^I0W E E{Gli^,s)G2i^,s)G,ip,pf}Uis,^)A,, 

I«MpI<" 

^Ct^in. ^ E{g',G,ip,prG,{^,sr}U{s,^)A,, 

^4^A2W j2 E{g',G,{p,p)G2{^,s)G2{^,p)G2{p,s)}U{s,^)A,,, 

\s\,\p\<n 

4(0=-%^ E ^^{DU91G,i^,s)G,ip,pr)}A,, 

\s\,\p\<n 



and 



|s|,|p|<n 
|s|,|p|<n 
|s|,|p|<n 

where Kr, r = 2,4 are the cumulants of H{s,i) as in (13.5p . 
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Substituting (I5.3p into (|5.2I) . we obtain that 



|p|<n 

IpI 

+ E EKG,(z,.)^G,(p,p)^t/°,(z)}A,. 

|p|<n. 

Now let us estimate each term of the RHS of this equality. If one assumes 
for a while that 

sup \E{g',G,{p,pf}\ = O {N-'b-' + 6-^[Var{^J]i/2) (5.5) 

holds for enough n and b satisfying (12.91) . Then this estimate and relations 
(1441 ). ( I4.42P and ( 14.401) imply that the fist, the second and the third terms 
of the RHS of ((531) are of the order indicated in the RHS of (l3l^ . 

Inequality (Q, (l3T7l) (with m = 1 and m = 2) and (Q imply 

that the term q2{'i)C2^[Qi{'i) +Qi(^)] is of the order indicated in the RHS of 
(I3.14p . Using similar arguments as those of the proof of (13.16^ (see (I3.22h - 
(13:241) 1 and the following estimates (cf. 

D:MG2{i,i)G2{i,s)G,{p,pf) = O {N-' + \g',\), r = 3,4 

and 

Vair{[g^^,,{zi)p} = O {Vair{gn,,{zi)} + r^iV-^) , = 0, 1, 2, 

we obtain that the terms Qr, r = 2,3 are of the order indicated in the RHS 
of ( I3.14p . We conclude that the terms Qr, r = 2, 3 and supj |yi(«)| are of the 
order indicated in the RHS of (13.141) . 

Now let us prove (15.51) . Let us apply the resolvent identity (I2.23P to 
G2{p,p)- Repeating the usual computations based on the formula (12. 151 ) (with 
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g = 3) and relation (I2.25p . we obtain that 

+ 3q2ipy Yl n9iG2ip,sYG2ip,p)}Uis,p) 



\s\<n 

07,2 ^ _ 

+ j^q2{p) Yl ^{Gl{s,p)G2{s,p)G2{p,p)}U{s,p) 

\s\<n 

- ^ E {D%{g',G,{p,p)G,{p, s))} - q,{pm) 

\s\<n 

(5.6) 



with 



^(^) = - i! Y.^{H{s,PnD%{g',G,{p,p)G,{p,s))f^] 

\s\<n 

+ ^ E ^^E {H{s,p)\D%{glG,{p,p)G,{p, s))f^} , 



|s| <n 

where Kr^ r = 2,4 are the cumulants of H{s,p) as in (13 .Sp . 

Let us estimate each term of the RHS of (15.61) . It is easy to show that 
the estimate of the first term of the RHS of (|5.6p follows from the following 
statement, proved in the previous work [1]. 

Lemma 5.1. (see If z G A^, then under conditions of Theorem 2.1, the 
estimate 

sup \E{g^,G2{p,p)}\ = O {b-'n-' + b-'[Yar{g,}]'/'') (5.7) 

\p\<n 

holds in the limit n,b ^ 00 ^2.9\) . 

Then (15.51) follows from this Lemma. and the estimate (14.401) and the si- 
milar arguments used in the estimates of the terms Qr, r = 1,2,3 in (15.40 . 
Estimate (15. 5p is proved. 



5.1.2 Estimate of F2 dmi) 

We rewrite Y2 in the form ¥2(1) = ('2'^^ Xls E{M(2, s)}f/(s, i), where we 
denoted 

E{M(z,s)} = EKG2(z,s)2}. 
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To proceed with estimate of we use the resolvent identity (12.231) and the 
cumulants expansion formula (12.151) twice. However, the computations are 
based on the results of Lemma 4.5, 4.6 and 5.1. Therefore we just indicate 
the main lines of the proof and do not go into the details. Applying to G2{i, s) 
the resolvent identity (I2.23p . we get equality 

EM(^, s) = C26isE{g',G2{i, ^)} - C2YI ^{9lG2{^, s)G2{z, t)H{t, s)}. (5.8) 

|t|<n 

Regarding the first term of the RHS of this equality and using relation ( 15. 7p . 
it is easy to see that the term 

\s\<n 

is the value of order indicated in (I3.14p . Let us consider the second term of 
dSH). Applying formula (I2T5D with g = 5 to E{g^G2{i, s)G2{i, t)H{t, s)} and 
taking account relations (12.251) and (13. lip , we obtain that 

7 

-C2YI s)G2{t, t)H{t, s)} = J2 ©/(^^ (5-9) 

|t|<n 1=1 

where 

0i(z, s) =v%E{g',G2{^, sfjEUcM, 
Q2{^,s) =v%E{g',G2{^,sfU'aM}^ 





\t\<n 


t)Uit,s)G2it,s)G2it,t)}, 






©4(«, S) 


=v\2j2^{9'iG2{t. 

\t\<n 


,tfG2{s,s)}U{t,s), 


65(^,5) 


=2v%J2^i9'iG2i 

\t\<n 


t,s)G2{t,s)G2{t,t)}U{t,s), 




- ^^2^ 6 

\t\<n 


^E{DU9'lG2{z,s)G2{z,t))} 







and 

©7(^, s) = -C2 ^^^^fr^E{Df,(^?°G2(^, s)G2it, m + Brit, s) 

\t\<n 
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with 



\t\<n 



+ I E ^2 {Hit, s)) E {Hit, snDlig',G,iz, s)G,ii, } 



|t|<Tl 



\t\<n 



5! 



5^ K, iHit, s)) E {if (t, s) [DiiglG^ii, s)G2ii, t))f^ ] , 



\t\<n 



where K,. {Hit, s)), r = 2, 4, 6 are the cumulants of H{t, s) as in (|3.5p - (l3.6l) . 

The term 9i is of the form f ^C2E{M(?, s)}E[/g2(s) and can be put to 
the left hand side of (15.81) . The terms 02 and 63 are of the order indicated 
in the RHS of ( 13.14p . This can be shown with the help of the estimate f l4.40p 
and inequality (eg. [I]) 



Gl{s,t)G2{i,s)G2{i,t) 

\s\,\t\<n 

1/2 / 1/2 



\s\<n 



Ei^2(^,t)p 

\t\<n 



1 

< — . 

- ^4 



(5.10) 



Regarding 64, we apply the resolvent identity (12.231) to the factor G2{s,s). 
Repeating the usual computations based on the formula ( 12.151) with g = 5 
and taking into account relations ( 12 .25^ and (13. lip , we obtain that 



64(2, s) = v\l J2 E{M(^, t)}U{t, s) + v%e,{i, s)EUg, {s) + J2^ 

\t\<n 1=1 



(5.11) 
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where 

\t\<n 

n^{i,s)=vXl E '^{9lG2{i.tfG2{s,pf}U{p,s)U{t,s), 

\t\,\p\<n 

n,{i,s)=^ J2 E{Gl{p,s)G2{z,t)'G2is,p)}U{p,s)Uit,s), 

\t\,\p\<n 

n,{i,s)=2v\^ J] E{g^,G2{i,t)G2{i,s)G2{p,t)G2{s,p)}U{p,s)U{t,s), 

l*l.|p|<™ 

^5(^,5) =2^2 Yl E{9lG2{^,t)G2{^,p)G2{s,t)G2is,p)}U{p,s)U{t,s), 



\t\,\p\<n 

n,{^,s)=-Cy J2 ^'^\\^''^^ E{DlMG2{^,trG2{s,p))}U{t,s) 

\t\,\p\<n 

and 

J2 E{Hip,sY[DlMG2{t,tyG2{s,p))f^}Uit,s) 



6! 

I^Mp|<^^ 

+ E ^2(i^(p,s))E{i/(p,s)^[Df,(^?G2(z,t)^G2(s,p))]«}[/(t,s) 

|tMp|<n 

+ 7^ E ^4(i/(p,3))E{/7(p,s)3[Df,(^?G2(z,t)^G2(s,p))](^)}t/(t,.) 

^ \t\,\p\<n 

+ E ^6(^(p,^))E{//(p,.)[A',(<7°G2(^,t)^G2(s,p))](=^)}f/(t,s) 

|tMp|<" 

with Kr {H{p, s)), r = 2, 4, 6 are the cumulants of H{p, s) as in (I3.5p -( 13T6D . 

The terms fli, I = 1, . . . ,5 are of the order indicated in the RHS of (13.14p . 
This can be shown with the help of the estimate (I4.40p and the inequahties 
(I3TD . ira . (I3T7II and flBTOD . The term fie contains 272 terms that are of 
the order indicated in the RHS of (13 .Ml) . This can be checked by direct 
computations with the use of (13.171) and ( IS.lOp . Using similar argument as 
those of the proofs of ( I3T5D and (IHIB (see ( 13:221) - dXM ). and the following 
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estimate (cf. (IXTSD ) 

E\D'^,{g',G2it,tyG2is,p)}\ = O {N-' + [Var{^i}]V2) , as n,p ^ oo, 

(5.12) 

we conclude that the terms flj and fls are of the order indicated in the RHS 
of (13.14p . Then, the relation ( IS.lip is of the form that leads to the estimates 
needed for E{M(i, s)}?7(s, i). 

Regarding ©5(2,5), we apply the resolvent identity fl2.23p to the factor 
G2(t, s). Repeating the usual computations based on the formula (I2.15P with 
q = 5 and taking into account relations (12.25p and (13. lip , we obtain that 

05(2, s) = 2v\^^EM{t, s) + v%e,{t, s)EUgM + (5-13) 

1=1 

where 

s) =2v\l J2 ^{9lG2{^, s)G2{t, ^^it, s)f/°,(s)}[/(t, s), 

\t\<n 

^S.s)=2v\l J2 E{g'iG2{i,p)G2is,s)G2{t,t)G2{t,p)}U{p,s)Uit,s), 

\t\,\p\<n 

n',iz,s)=^ E MGl{p,s)G2{t,s)G2iz,t)G2it,p)}Uip,s)U{t,s), 

\t\,\p\<n 

fi;(z,s)=4A2 Yl E{9lG2{^,s)G2{p,s)G2{^,t)G2{t,p)}U{p,s)U{t,s), 

\t\M<n 

^S.s)=2vXl J2 E{g'iG2{t,s)G2{t,p)G2{t,p)G2{s,t)}U{p,s)U{t,s), 

\t\,\p\<n 

n',{z,s)=2v\i ^{9iG2{t,sfG2{p,ty}U{p,s)U{t,s), 

\t\,\p\<n 

n',{z,s)=-2Cy J2 ^' E{D;,(^°G,(^, s)G2{t, t)G2it,p))}Uit, s), 

\t\,\p\<n 

n',it,s)=~2Cy Yl ^'^^[^''^^ E{D^.(^i°g2(^,^)g2(^,t)G2(t,p))}^(t,.) 

\t\,\p\<n 
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and 



6! 



E{H{p,sy[DlMG2{i,s)G2{t,t)G2{t,p))]'^'^}U{t,s) 



\t\,\p\<''^ 

2CW 



+ ^ E ^2 {H{p, s)) E {H{p, sflDUglG.ii, s)GS, t)G,{t,p))]^'^] U{t, s) 



\t\,\p\<n 



+ ^ ^)) E {Hip, snDUg',G,iz, s)G,{z, t)G,{t,p))f^] U{t, s) 

^ \t\,\p\<n 

+ ^ E ^6(i^(p,s))E{i7(p,s)[Df,(^?G2(^,.)G2(^,t)G2(t,p))](')}f/(t,s) 

\t\,\p\<n 

with Kr {H{p, s)), r = 2, 4, 6 are the cumulants of H{p, s) as in (|3.5p - (l3.6l) . 

The terms s)f/(s, z), / = 1,...,6 are of the order indicated in 

the RHS of (13.14p . This can be shown with the help of the estimate f l4.40h 
and the inequalities ( 13.ip . (13.2p . (13 .17^ and (15.101) . The term fi^ contains 
356 terms that are of the order indicated in the RHS of (13.140 . This can 
be checked by direct computations with the use of (I3.17P and (I5.10p . Using 
similar argument as those of the proofs of (13.150 and (I3.16P (see (I3.22p - (I3.24I) ). 
and the following estimate (cf. ( I3.18p ) 

E|D^KG'2(z, s)G2{i,t)G2{t,p)}\ = O (iV-i + [Var{g^}Y/^) , as n,p oo, 

(5.14) 

we conclude that the terms fl^ and fig are of the order indicated in the RHS 
of (|3.14l) . Then, the form of (I5.13P is also such that, being substituted into 
(|5.9I) and then into (15.81) . it leads to the needed estimates. 

The term QQ{i,s) contains 67 terms. These terms can be gathered into 
three groups. In each group, the terms are estimated by the same values with 
the help of the same computations. 

We give estimates for the typical cases. Using (13. ip . (13.20 and (13.171) (with 
m = 1), we get for the terms of the first group : 



I 5^ 7^4 (Hit, s)) E{Giit, t)Gi(s, s)Gi(t, s)G2it, s)G2it, i)} " T^T^ 

\t\<n ^ ' 

Vi + 3v^^^,^^ .^^ 14 + 3^;^ 



< 



\t\<n 



Ee|Gi(m)g,(m)I<^^. 
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For the terms of the second group, we obtain estimates 



C2 Yl ^4 (Hit, s)) B{g',G2is, sfGS, tf} ■ tt-^ 

^ 1 + 0; 



< 



\t\<n 

^352 



(1 + .5,.)= 



|t|<n 



^552 



Finally, for the terms of the third group, we get inequalities 



< 



ri^Nh 



J2 E|G2(z, 5^ U{t, s)U{s, 0=0 

s|<n |i|<n ^ ^ 



Gathering all the estimates of 67 terms, we obtain that 



\s\<.n 



o 



1 ^ y Var{(7i} 
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Using similar argument as those of the proofs of (|3.15p and (13.161) (see 
(l3.22p -( IX24l )). we conclude that 67 and supj |l2(0l of the order indicated 
in (13.14p . Estimate ( 13.14p is proved and so Lemma 3.1 is proved. ■ 



5.2 Proof of Lemma 4.1 

Let us consider the variable 

K{t,s) = E{RG%t,t)} = E{R^G{i,i)}, 

where we denoted R = g^JjQ^s). Applying to G2{i,i) the resolvent identity 
(12.23P and taking account formula (12.15p with q = 3 and relation f l2.25p . we 
obtain that 

5 

E{R'G{t, t)} = Cv^E{R'G{t, tWcii)} + s) (5.15) 

a=l 
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with 

|p|<n 

hit,s)=2Cv' EKG(t,p)G(t,z)G(z,p)}f/(t,s)f/(p,z), 

\p\,\t\<n 

h{i,s)J-^ J2 E{G{p,t)G{t,t)UUs)G{z,p)}U{p,z), 

|p|,|t|<n 

hi^, ^) = - ^ E k,e{dUR'g{z,p))} 

\p\<n 

and 

IpI 

|p|<n 
|p|<n 

where Kr, r = 2,4 are the cumulants of H{p,i) as in (13.51) . Let us use the 
identity 

ER^XY = ERX^EY + Ei?y°EX + E/?X°r° - Ei?EX°y°, 
and rewrite (15 .15^ in the form 

E{R^G{i, i)} = K{i, s) = v\{i)g{i) ^i^, s)U{t, i) + U{i, s) (5.16) 

\t\<n 

with 

n(^,.) =v'q{z) [E{i?t/0(^)G0(^,^)}-E{(70t/0(.)}E{G°(^,z)f/°(^)}] 

+ ^i2^a{t,s), (5.17) 

^ a=l 

where g{i) = E{G{i,i)} and q is given by (14. ip . Now we rewrite (I5.16P in the 
form of a vector equality 

i?(.,s) = [I -W^'^'^Y'^^s), 
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where we denote by W^'^'^^ the hnear operator acting on a vector e with 
components e(^) as 

[W^'^'^^e]{t) = v'q(z)g{z)Y,e{t)U{t,z) 

\t\<n 

and vectors [n(.,s)](i) = Il{i,s). It is easy to see that if z G A^, then 
II^^C-j-s)!! < 1 Thus, to prove relation (14 .6^ . it is sufficient to show that 

-pjn(..)|=0(^4(VarM)-/j. (5.18) 

Let us prove (IS.lSp . Taking into account inequahty (I3.ip . (13.21) . (IS.lOp and 
estimate fl4.40p . we obtain that 

Ut,s)\<^iVaT{g}Y^' a = 1,2 (5.19) 

and 

m,s)\<j^, (5.20) 

where c is a constant. Using similar arguments as those of the proof of (I3.16p 
(see ((3221)- (I32D) and the following estimates (cf. ((3201) -((321])) 

D^(i?°G(z,p)) = 0(iV-i + |^7?|), r = 3,4 

and 

Var{[(7„,fe(^)]('^)} = O (Var{(7„,fe(z)} + r^iV-^) , u = 0,1,2, 

we obtain that the terms /„, a = 4, 5 are of the order indicated in the RHS 
of (14. 6p . Finally, we derive inequality 

\Ui^,s)\ <c(Var{,})^/^ [mm"'" + p (E|f/S«r)''') 

+ ^(]4^ + ^(VarM)''')' (5-21) 

where c is a constant. Then (15.181) . (15.211) and Lemma 4.1 follow from (I4.40p 
and the following estimate. 

Lemma 5.2. If z G A^, then under conditions of Theorem 2.1, the estimate 

supE{|t/0(.;^)in = O(r^) (5.22) 

\s\<n 

holds in the limit n,b oo. 
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Proof of Lemma 5.2. Let us consider variable 

Set T = ?7Si^G2^G3 and M(xi, Xs, Xg, t) = ET^Gi{t,t). We apply to Gi{t,t) 
the resolvent identity (3.2) and obtain 

ET°Gi{t,t) = -C4 ^{T°Gi{t,s)H{s,t)}. 

\s\<n 

Applying (I2.15P to E{T°G4(t, s)if(s,t)} with g = 3 and taking into account 
(]2.25p . we get relation 

ET°Gi{t,t) 

= Uv^E{T'G,{t,t)UGAt)} + CiV^E i TO G,{t, sfU{s,t) 

y \s\<n 

+ 2C4t;' 5^E|f/o^(x,)[/o^(x,) Y Gk{y,s)Gk{t,y)G,{t,s)U{y,Xk)Uis,t) 

+ C4ri(t) + C4r2(t) (5.23) 



with 



and 



W = - E {DUT'G.it, s))} (5.24) 



3! 

|s|<n 



= - ^ 5^ E{if(.,t)^[D^, (TOG4(t,.))](o)} 



|s|<n 



+ EifE{^(^'^mMr°G4(M))]«} 



+ E ffE{^(^>^)[^M2^°G'4(t,s))](^)}, (5.25) 

ls|<n 

where Kr, r = 2,4 are the cumulants of H{s,t) as in (13. 5p . In (I5.23p . we 
introduce the notation 

E ^i' = ^(^1' 2:3) + ^{Xu X3, X2) + ^{X2, Xs, Xi). 
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Applying to the first term of the RHS of (15.231) relation (I3.1ip and using q^it) 
(14. II) . we obtain that 

ET°G'4(t,t) 

= q,{tyE{T'G,{t,t)U'aM + ^^ity^ \ ^° E G,{t, sfU{s,t) 

[ \s\<n 

+ 2q,{tyJ2^yGS^^^^GM^) E Gk{y,s)Gk{t,y)G,{t,s)U{y,Xk)U{s,t) 

(i,j,k) \y\,\s\<n 

+ q,{t) (ri(t) + r2(t)). 

Now gathering relation given by (fSH), (Q, (IKTOD . M and 

sup E|TOf/0^(t)| < E|T| sup E\U'aM + ^^P ^TU^gM 

\t\<n \t\<n \t\<n 

imply the following inequality 



2 2 

I V M{xuX2,Xs,t)U{t,x,)\ sup E|Tf/0^(t)| + ^E|T| sup E|f/0^(t)| 

+ ^E|T| + -^E|f/0,^(x.)t/°^.(x,)| 

+ -SUP |ri(t) + r2(t)|. (5.26) 

V \t\<n 

Henceforth, for sake of clarity, we consider G = Gi = = G2 = G^^ and 
X = Xr, r = 1, . . . , 4, then we get T = {Uq{x))^ U^{x) and 

E|r| < (E|[/°|^)'/' (E|f/°|2)'/^ (5.27) 
Let us assume for the moment that 



sup |ri(t) + r2(t)| = o fr^ + r^v^) , zehr] (5.28) 

\t\<n ^ ' 

with W = sup^. E|f/^(x)|''. Now returning to ( 15.26^ and gathering estimates 
given by relations (I4.40p , (15.271 ) and (I5.28p imply the following estimate 

W < Aib-'^VW + A2b-\ 

where Ai, A2 are some constants. This proves (I5.22p . 

To complete the proof of Lemma 5.2, let us prove (I5.28p . To do this, we 
use the following statement. 
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Lemma 5.3. If z G A^, then under conditions of Theorem 2.1, the estimates 

D:,{UUx))=0{b-'), r = l,...,4, (5.29) 

Dl, {T'G{t, s)) = O {b-' + b-'\UUx)\ + b-'\UUx)\' + \U'aix)\') , r = 3,4 

(5.30) 

and 

B\[U^ix)p\''' = O {b-^' + B\U^ix)\^') , r = l,2 (5.31) 
hold for all u = 0,1, 2, all \x\ < n and large enough n and b satisfying ^2.9\) . 

We prove this Lemma at the end of this subsection. 

Let us return to the proof of (15.281) . Regarding the variable Fi (I5.24p and 
using (CTID . (li:i2D and ([QUD . one gets with the help of flOTll that 



E 

\s\<n 
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-E\Dl{T°G{t,s))\U{s,t) = O (b-^ + b-^Vw^ . (5.32) 



Now let us estimate r2 (15.251) . Regarding the first term of the RHS of ( I5.25p 
and using ( I4.40p . (15.30p and ( I5.3ip . we obtain inequality 



j2mis,tnDtt{T'G,{t,s))r 

\s\<n 



\s\<n 
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+ 
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|[[/°(x)](°)| + ^^%^|[f/°(a:)](°)p 



+cj2^{ms,m[uUx)rn 

\s\<n 



\s\<n 

+ ^E 

s|<n 

= o 



6"/ 



1/2 



1/2 



1/2 f S — t 



1/2 



1 1 



1/2- 



69/2 55/2 



w . 



(5.33) 



Repeating the arguments used to prove (15.331) . it is easy to show that the 
term 

Y.^^{H{s,tf[Dt,{T^G,{t,s))r] + Y.^^{H{s,^^^^ 



\s\<n 



|s|<n 
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is of the order indicated in the RHS of fl5.28p and that 

sup |r2(t)| = O (b-^ + b-^Vw) . (5.34) 

\t\<n ^ ' 

Then the estimate (15.281) follows from (I5.32p and (I5.34p . Lemma 5.2 is proved. 

Proof of Lemma 5.3. We prove Lemma 5.2 with r = 1 because the general 
case does not differ from this one. We start with the proof of (j5.29l) . Using 
(I2.25p . we obtain that 

Dlt {UU^)) = -2j2 Gik,s)Gik,t)Uik,x). 

\k\<n 

Then estimate (I5.29p (with r = 1) follows from this relation and inequality 
\U{k,x)\ < b~^ and f l3.17p (with m = 1). The general case does not differ 
from this one, so the estimate f l5.29p is proved. 

Let us prove (I5.30p . Remembering that T = [Uq{x)YUq{x) and using 
(12:251) and ^TWi . we obtain that 

^Mn = o(rVS(^)P), 

Dl{T'} = 0{b-'\UUx)\+b-'\U'a{x)\'), 

Dim = o (r^ + b-'\UUx)\ + b-'\UUx)\') . 

Now it is easy to show that ( 15.30p is true. 

Finally, we prove (I5.3ip with r = 1 because the general case does not 
doffer from this one. To simplify computation, we use the notation : for each 
pair (s, t) and u = 0,1, 2, let H^'^'' = H^^^ = H he the matrix defined by 

^ ''^ 1 H{s,t), if {r,z) = {s,t) 

with \H{s,t)\ < \H{s,t)\ and its resolvent by Gi'^{z) = G{z). Then the 
resolvent identity (I2.23P imply that 

U^{x) =Ug{x) - i ^){^ - ^K^, ^)G{t, k)^ 

|A;|,|r|,|j|<7i 

=f/G(x)-^5^5(A;,s,t)^ 

\k\<n 
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with B{k,s,t) = G{k,s)[H{s,t) - H{s,t)]G{t,k). Then inequality jHH]) im- 
phes that 



/^\|2 



<2E|f/^(x)|^ + -E 



X — k 



< 2E|f/^(a; 



<2E\UUx)\' + 



J2B'{k,s,t)^ 

\k\<n 

E(\H{s,t)\+E\H{s,t)\ 



E\ais,p)\^ij 



s — p 



3iE\ais,p)\fi; 



s — p 



This proves (I5.3ip . Lemma 5.3 is proved. 
5.3 Proof of Lemma 4.3. 



We prove relation (14.171) with k = 1 because the general case does not 
differ from this one. To derive relations for the average value of the variable 
^i2(^,'S) = EGi{i, s)G2{i, s), we use identity (12.231) and relation (I2.15P (with 
g = 3) and repeat the proof of relation (14.141) . Simple computations lead to 

6 

+ C2t^' 5^ti2(^,pki(s)f/(p,s) + ^7i(^,s), (5.35) 



with 





\p\<n i= 


=1 




=C2t^2 J]E{Gi(z,s)G2(^,p)Gi(p,. 






\p\<n 




l2{i,s) 


=C2v'J2E{Giit,s)G2it,p)G2ip, 


s)}Uip,s) 




p <n 






=C2v'E{G^{^,s)G2{^,s)U'aM}^ 




74(z, s) 


=C2v'E\G',is,s)J2Gli^,p)G2i^ 


p)f/(p,s)| 




1 p 




75(^, -s) 


= -jJ2^^^{^UGiihs)G2{z 





|p|<ra 
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and 

\p\<n 

+ I E ^^E {H{p, sno'^, s)G,{z,p))]('^} 

\p\ 5:" 
IpI 5:'^ 

where Kr, r = 2,4 are the cumulants of H{p, s) as in (13 .Sp . Using (13.171) . it 
is easy to show that 

sup |7i(ii, s)| = o(6"^), sup I 7i(ii, s)| = o(6"^). 

The same is valid for 72. Similar estimates for 73, 74, 75 and 76 follow from 
relations (I4.40p . (I4.45P and simple arguments as those to the proof of (I4.20p 
(see (14:421 )- (ICTD l Thus, ( 05ll implies that 

ti2(i, s) = gi{i)q2{i)Sis + v^gi{s)q2{s){ti2U}{i, s) + A{i, s), (5.36) 

where 

sup \A{i,s)\ = o{l) and sup | ^ A(ii, s)| = o(l) (5.37) 

i|,|s|<n |i|<n, , , , 

111 I— I I— \s\<n 

in the limit n,b 00. We rewrite relation (15.361) in the matrix form (cf. 
((1251)) 

+00 

ti2 = {/ - W^^'''^'^-\Dzag{g^q2) + A) = J2{W'^'"''TiDtagigiq2) + A). 

(5.38) 

Now we can apply to (15.380 the same arguments as in the proof of (14.141) . 
Replacing gi and q2 by Wi and W2, respectively, we derive from ( I5.37p that 
for i G Bl+q, 

M 

tu{t,s) = J2^'"'iwiW2)"^'P'"]i^,s) + o{l), n,b^oo. (5.39) 

m=0 

Multiplying both sides of (15. 39^ by U{s,i) and summing over s, we obtain 
the relation 

M 

J2ti2{i,s)U{s,i) = Y,^^"'iwiW2r^'[U'"^']{^,^)+o{l), N,b^ 00. 

\s\<n m=0 
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Now convergence fl4.37p implies the relation that leads, with M replaced by 
oo, to fliTfll . 

To prove fl4.18p . let us sum (I5.39P over s. The second part of (15.371) tells 
us that the terms A remain small when summed over s. Thus we can write 
relations 

M 

J2 ti2{^, s) = Y, Vw^2)™+' [^"] s)+o{l), N,b-^ oo. (5.40) 

\s\<n rn=0 \s\<n 

Taking into account estimates for terms (I4.35p -( l436ll (see previous work [T] 
for more details), it is easy to observe that convergence (I4.34p together with 
(I5.40p imply (I4.18p . Finally, we prove (I4.16p . To derive relations for the ave- 
rage value of variable tii{i,s) = FiGi{i, s)Gi{i, s), we repeat the proof of 
(14.18P and replace G2 by Gi. Then one obtains (I4.16p . Lemma 4.3 is proved. 



6 Asymptotic properties of T{zi^Z2) 

The asymptotic expression for T{zi, Z2) regarded in the limit Zi = Ai + iO, 
Z2 = \2 + iO supplies one with the information about the local properties of 
eigenvalue distribution provided that Ai — A2 = 0{N~^). Indeed, according 
to (12. 5p . the formal definition of the eigenvalue density Pn,bW = <^nbW 

Pn,b(A) = ^[fi'n,6(A + iO) - gn,b{^ - «0)]. 

We consider the density-density correlation function of pn,b 

RnA^l, A2) = Yl '^l'^2C7V,b(Al + i6i0, A2 + ^^20). 

<5i,52=-l,l 

In general, even if i?„ 6 can be rigorously determined, it is difficult to carry 
out direct study of it. Taking into account relation (2.13), one can simpler- 
expression 

Sn,6(Ai,A2) = -^ Y 5i52T(Ai + z5iO,Ai + z5iO) (6.1) 

SuS2=-l,+l 

and assume that it corresponds to the leading term to Rn,b{^i, ^2) in the 
limit n, 6 00. 

It should be noted that for Wigner random matrices this approach is 
justified by the study of the simultaneous limiting transition N ^ 00, Imzj 
in the studies of C^(zi, ^2) [3 El [IHl [H]. 
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Theorem 6.1. Let T{zi,Z2) is given by ^2.12^) . Assume that function ■ip{p) 
is such that there exist positive constants Ci, 6 and f > 1 that 

i'{p) = m-ci\p\''+oi\pn (6.2) 

for all p such that \p\ < S, 6 ^ 0. Then 
for \j, j = 1,2 satisfying 

Xi,X2^ \ e {-2v,2v). (6.4) 



We see from (12.12p that there are two terms in T{zi,Z2). The first was 
found in [H] for band random matrices, the second coincides with that found 
in [H] for the ensemble of Wigner random matrices. The proof of (16. 3p 
consists of two parts already done in [l6] and [19]. For completeness, we 
reproduce here these computations. 

Proof of Theorem 6.1. Let us start with the term of (16.10 that correspond 
to 8182 = —1. It follows from (12.71) that 

1 - V^WiW2 Zx- Z2 ... 

= . 6.5 

W1W2 Wi — W2 

The above identity yields relations 

e\w{X + ie)\^ = lmw{X + ie){l -v'^\w{X + ie)\'^) and \w{X + iO)]"^ = v~'^ 

for A such that lmw{X + iO) > 0. Combining these relations with (11.41) for 
the real and imaginary parts of w(A + iO) = r(A) + ip{X), we obtain that 

A^ A^ 
f ^r^ = — - and f ^p^ = 1 (6.6) 

(here and below we omit the variable A). This implies the existence of the 
limits w{zi) = w{z2) for (16. 4p . One can easily deduce from (16. 5p that in the 
limit (El 



1 — V w{zi)w{z2) Ai — A 



2 



^(2:1)^(^2) 2ip 

Also we have that 



0(1). (6.7) 



(1 - vWx){l - v^wl) = 2- 2v^{r^ - p^) = 4t;V- (6-8) 
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Now let us consider the leading term of the correlation function. Rewrite 
(f212|l as 

T(zi, Z2) =Q{zi, Z2) + Q\zi, Z2) + 



(1 — v'^wDil — f 2^1) 



(1 — v'^w'l){l — v'^wl) 



+ Q (2:1,2:2) 



with 



and 



S{zi,Z2) = — fTTZ^dp (6.9) 

Q{zi,Z2) = Y, r^Kn T^' (^-10) 

where A is given by (I2.14p . It is easy to observe that relations (|6.6I) and 
\w{\ + z0)|2 = |w(A - i0)|2 = imply that (cf. [I9]) 

Q'(Ai + zO, A2 - zO) + Q'(Ai - zO, A2 + ^0) = (6.11) 

Now let us consider S{zi, Z2) (|6.9p and let us write 

iVT JR\(-5,<5)J (1 — f2witi'2V'(p))^ 

Relation (16. 5p and (16.71) imply equality 

[1 - v^WiW24^{p)f = [^{p) - 1]2(1 + 0(1)). (6.12) 
Since ipit) is monotone, then 

liminf [^(p) - 1]^ > 0. 

peR\(-<5,(5) 

This means that /2 < 00 in the limit (El). Relations (Q, (E?]) and (l612ll 
imply in the limit (j6.4l) and that if we take 5|Ai — A2|~^^'^ 00, we obtain 
asymptotically (cf. [16j ) 

/i(Ai + ^0, A2 - tO) + /i(Ai - ^0, A2 + tO) = 45,(ci)-^-^lf— — -, (6.13) 

|Ai - A2r ' 



where 

- , ds ^ ds 

By{Cl) 



l-act Lio 1 + io (1 + 5' 
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(6.14) 



and Ci is as in (|6.2p . To prove (16.31) . it remains to consider the sum 



/i(Ai + iO, A2 - iO) + hiXi - iO, A2 + iO). 

It is easy to observe that relations of the form (16.81) imply the bounded ness 
of this sum in the limit (16.41) . 

Now gathering relations (j6.8l) . (j6.1ip and (j6.13l) . we derive that 



This proves (16.31) . ■ 
Let us discuss two consequences of Theorem 6.1. 

• If 1/ = 2 and ci = / f^tpit) < 00. Regarding the RHS of (l2lT]l in the 
limit ( 16.41 ) with = A + ^, j = 1, 2, we obtain the asymptotic relation 
(see [IB]) 

= -C^p— ^(1 + 0(1)), 00. (6.16) 

• If ^(t) = 0(|t|~^~'^) with 1 < z/ < 2, we obtain the asymptotic relation 
(see [T6]) 

H(Ai,A2) = , ,V/ 1 — 1 nrT^(l + o(l)) (6-17) 

and conclude that the expression for ( 16.11) is proportional to 

ATi-V^ 1 

b |ri — r2P~-^/'^ 

The form of asymptotic expressions (I6.16P and (j6.17l) coincides with the 
expressions determined by Khorunzhy and Kirsch (see [16]) for the spectral 
correlation function of band random matrices [16| . 

The first conclusion is that the leading terms of the ensemble we study 
(see (12. 3p ) and the ensemble of band random matrices are different but in the 
local scale, the form (16.160 and (16.171) is the same. More precisely, the tow 
ensembles mentioned above belong to the same class of spectral universality. 

Our main conclusion is that the limiting expression for S„^6(Ai,A2) ex- 
hibits different behavior depending on the rate of decay of ip{t) at infinity. 
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In both cases (see fl6.16p and fl6.17p ) the exponents do not depend on the 
particular form of the function ip{t). Moreover, in the first case the expo- 
nents do not depend on ip at all. This can be regarded as a kind of spectral 
universality for the random matrix ensembles {Hn,b} (I2.3p . One can deduce 
that these characteristics also do not depend on the probability distribution 
of the random variables a{i,j) (ll.ip . 
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